THE UK UNIVERSITY
INTEGRATION BEE
2022/23

/

ROUND ONE SOLUTIONS

By: Finn Hogan, Vishal Gupta & Alfie Jones

A0

Durham A\
w University WARWICK

TTTTTTTTTTTTTTTTTTTTTT

Imperial College
London

Sponsored by

@ Jane Street



Round One Solutions The UK University Integration Bee 2022/23

1 1
1. / ——  dx
0 vVx—x2

Solution 1
1 1 1 1
dx = dx
/0 Vax —x2 o /T (x=1
4 2
= |arcsin (| 2 x—1 1—E__E_7t
- 2)), "2 27
Solution 2
1 dx 1 1
= x 2(1 —x) 2dx
), Vie S ¥y
11
=b 2’2)
()T ()

Il
=

Page 2



Round One Solutions The UK University Integration Bee 2022/23

100
2. / [x]|x]dx, where |x|&][x] are the greatest integer less than x and the smallest inte-
0

ger greater than x, respectively.

100

100 "
[} el =Y [ ntn -1

100 100
= ;n(n—l)(n—(n—l)): ;nz—n
~(2%100 +1)(100 +1)(100)  100(100 + 1)
B 6 2

=67 x 101 x 50 — 50 x 101 = 66 x 101 x 50 = 6666 x 50 = 333300
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3. /On cos(x 4 cos(x))dx

By making use of the substitution u = 77 — x,

/On cos(x 4 cos(x))dx = — /On cos(x + cos(x))dx

7T
Hence, / cos(x + cos(x))dx =0
0
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4. /01\/x+\/x+\/x+mdx

We begin by finding an alternate expression for the integrand

I mewﬂ

Rearranging the above equation to make y the subject yields

Y N
¥y= 412

Thus, we may substitute this expression into the question

1 1
/\/x+\/x+\/x—|—\/x—|—...dx:/ \/X%—i—i—%dx
0 0
3

20 25
3 4 2 0_3 4 2 4
V5 5 5
Tt = (VB
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1
5./1—{1de
0 X x

— ndx

s
RI=

11 1 k

/—{dezlimz
0 X X kg)oo)’lZl n+

k
1 1
=1 1 — -

kggo;[nx]%ﬂ n(nn+1)
k 1

= lim ) In(n+1) —In(n) —
n=1

|

==

k—o00 = n+1
S|
:klggloln(k—i—l)—n;ln_'_l
= limln(k+1)+l—il:1—'y
ko0 n=1

(where 7 is the Euler Mascheroni constant)
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dx

/1 arctan x + arccot x
6. s
0 x>~ +1

/1 arctan x + arccot x A — T /1 1 d
0 x24+1 2 o x24+1
T2

. . T . .
Where the first equality uses the formula arctan x 4- arccotx = -, which can easily be

shown by considering a right triangle with perpendicular sides 1, x.
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7. /OE xﬁcos (%)dx

in(2
Consider the following identity cos(x) = SH}( ¥) . Now we will evaluate the product
& Y 2sin(x) p
o X k
— = 1'
ECOS (21) kE?ogCOS (21)
k sin (5%
=lim ] ‘(2 xl)
k—eo 7 2sin (&)
1 [k sin (X
= kh_}r?o o 111 Sm((z;l)) this is a telescoping product
_ sin x _sinx
limy_, o 2k sin (%) x

Now we may evaluate the integral

/jxncos <£>dx: /jxsmxdx:/7 sinxdx =1
0 7 2 0 X 0
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8. /z In(cotx —1)dx
0

T
4

/ In(cotx —1)dx = /1 In(1 — tanx)dx — / In(tan x)dx
0 0

=

0

= /02 In(1 — tanx)dx — /0I In (tan (g —x)) dx

= /I In(1 — tanx)dx — /I In(1 — tan x)dx + /I In(1 + tan x)dx
0 0 0

B

= /Z In(1 + tan x)dx
0
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Let] = _/Z In(1 + tan x)dx, then
0

i i T
1= /0 In(1+ tanx)dx = /0 In <1 + tan (Zx)) dx
= Z1r12dx—/1 In(1 + tan x)dx
0 0
= TIn2—1

Hence, I = %1112
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b3 1/ o
9. /2 tan (bsmx)dx
0

sin x

s -1 .
Let I(b) = / tan' (bsinx) .

0 sin x

Differentiate both sides with respect to b.

7 1
I'(b) = / S dx
(b) 0 1+b2sinx
3 1 . .
- /0 mdx (the method is similar for sin)
7 1
=2
/0 24 b2+ b2 Cos(2x)dx

Lett =tanx

o 1 dt
e -z
®=2}, 2+b2+b2(1f2)xl+t2

)
_/°° dt
Jo 1402+ 12

1 t 0
t
V1+ b2 {arc o (\/1+b2>]0

7T
N

Now we may integrate to obtain I(b)

z(b)—I(O)zl(b)zn/Ob LA PRI
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0 x3
10. /
0o et
o e+1 " o 1+e*x
_ / 3 —Xx 1)ne—nxdx
(where we have used the infinite geometric series expansion)

= (—1)”/ e~ (Hmxgy
0 0

7t

7
= (4)T(4) = [L@T(4) = 24 = 1o
Where 7,(,T" are the Dirichlet Eta, Riemann Zeta, and Gamma functions respectively.

The relation between Dirichlet Eta and the Zeta function can be derived by considering
odd and even terms of the series:

n(s) = (1-27°)4(s)
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1 oo
11. /4 Z <2n>x”dx
0 »=0 n

Notice that the integrand resembles a Maclaurin series expansion. Recall the Maclaurin
series expansion of f(x)

n=0

where £(")(0) denotes the n'" derivative of f evaluated at x = 0.
We will force the integrand into the above form and try to find a closed form for the sum

by inspection.
o (2n L, o= (2n)lx"
Z <n >x N Z n nl

n=0

Hence, we are looking for f such that £ (0) = "
We can construct the following recurrence relation,

(2n)(2n —1)

F(0) = FY(0) = 2(2n — 1) £ (0)

1
v1—4x

P& 2n i 1 i 1
1’ld :/ 7d :/ 7(1 = 4:7
/0 ,;)<n)x T Vica T b Vax VAl 2

At this point we can guess f(x) =

S|
—_
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12. / cos(x*)dx

0
We will provide a solution by Laplace Transforms.

I(t) = /Ooo cos(tx*)dx

L{I()} = /0 ” / " cos(£x2)dxe " dt

0
/ / cos(tx?)e *'dtdx
0 Jo
® s

———d

/0 2+t

This integral can be computed by using partial fraction decomposition on the
factorisation, x* + 52 = (x2 — /2sx + 1) (x> 4+ V25 + 1). However, we will leave

that as an exercise.

T
L{I(t)} =
(=57
For those familiar with Laplace Transforms, you will see that
T T
I(t) =L7! =./=

Thus, I(1) =

SIS
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® Inx
1
> / 1- x2
/°° In x _/ lnx /°° In x d
0o 1-— x2 1- x2 1 1—2x2

1] 1
1 d 3;2 dx (by using the substitution u = L on the second integral)
0o 1—

1 [ee)
=2 / Inx Z x?'dx
0 n=0
o 1
=2) / x** 1In xdx
n=0 0

=2

s
—2y - __
ZE) (2n+1)? 4

n=
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4 [ In(sinz) ;.
0 COS*X
We will use integration by parts

Srolx
[SE

/7 de = [tanxln(sinx)]/ —/ tan x cot xdx
0 0

cos2 x
3 T
— [P1dx=-Z
/0 T
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L5, / cos? x(1 + cos x)
(1+ cosx + sinx)?
We may re-express the denominator to arrive at the solution

cos? x(1 + cos x)

I

1+Cosx—|—smx

cos? x(1 + cos x) .
2(1+cosx)(1+sinx)

/2 cos? x 1—s1nx)dx
T2 1—sinx

1 1
:E/o 1—sinxdx:g 5= 4(7t 2)
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16. /loox_mdx

2
x
1
By use of u = p substitution we can show this integral is equivalent to problem 5. There-
fore the answer is 1 — vy
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® cost
17.
./ooCOSht

% cost ®©  cost
[Tt g [Ty
—co cOSh t o eld+e—t
© costet

:4' ; 71+e—2tdt

= 4/ coste™! Z(—l)”e’z”tdt
0

=4 }:(—1)”/0 cos te~ 2 HEgy
n=0

> 2n+1 T
_ n — —
4;]( Ve nseCh<2>

It’s pretty tough to recognise that series as sec - you can use contour integration to do it.
The original integral can also be done with a rectangular contour.
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] 1
18 | In(x+1) 4,
0 x> +1
We begin with the substitution x = tan 0

®In(x+1) 2
= /7 In(sin @ + cos 0) — In(cos 0)d6

—/ ln \f2s1n<9+ )>d9+§ln2

_/Z sm E))d@—l—%an

/ In cos 6d6 + %I In2

T
4

ISE

= 2/ In cos 8d6 + 3%lrﬂ
0

Let A = /Z Incos0d6 and B = /X In sin 6d6
0 0

A+ B= /Zlnsinf)cos@d(ﬂ
0

_ /Z Insin20d6 — * In2
0 4

1 17 ] T T T T
/ Insingdd — T2 = —Fn2 - Zin2 = - Zin2

)
/Z In tan 6d6

/ lnx

1 oo
/ E )%™ In xdx

n=0

:i( b’ ( 2n—1kl)>:_G

n=0

o

1 1
AIE((A‘FB)—(B—A)):i

®In(x+1) 37
/0 e dx _2A+Tln2——ln2—|—G

(-5+6)= —gan—i—%G
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19. /Onsecxln (1 + COSX)

3
7T
Let I(a) = / secxIn (1 + acos x)dx and differentiate with respect to a.
0

_/” dx
~ Jo 1+acosx
Lett = tan

o 1 2dt
I'(a) :/ e “1Lp
0 1 +’11+t2 +

I'(a

~—

_2/°° dt
T 1+a+(1-a)?
2 /°° dt
1= 1

1—alo £2412

2 1—a 1+a
= —— |arctan t
1—aV 1+a 1—a 0

T
n COs X 1 1 5o . (1
/o secxIn (1 +3 ) =1 <3> = <3> —1(0) = /0 mda = marcsin <3>

V1 —a?
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1 2
20. / In(l+x+x%)
0 X

_ 43
/1 In(1+x+x?) 1In (113; )dx
0

X

dx

—_
—_

Il
S— 5— 5—
—_
2
—_
|
=
=
Q.
|
O\H
3
—_
|
o)
Q.

| 0 X3

RS T U N
——Z—/ ' dx+ Y = [ 2" ldx

n:lno n—lno

> 1 =01 m  n*
=~ LiatlaT it e 9

2
I
—_
3
Il
—
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. / \/lnx+

Letu_ln( )+1

/°° mdx _ /°° Vi
x2 0 (eu—l)z
= e/ du

o e

=el <;> :e\/zE

e du

B

The last equality may be derived by using the recurrence property of I' and the substitu-
tion t = u?,

Traditionally, problem 21 is my favourite problem because there’s a clever idea involved.
Here, the alternative solution is a pretty clever idea. Write 1 = Ine and then

/m /\/W

The lower bound being 1 is the motivation for this; now we can substitute u = ex and
then t = Inu, we get

/ \/ln (xe) \/lnu :e/ Vietdt — e\gﬁ
0
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[ee] X
22./ ln<e +1>dx
0 er—1
[ee] ex_|_1 [ee] 1_|_efx
1 =
/0 n(ex_1>dx /Oln<1_ex>dx

:/ ln(l—l—e”‘)dx—/ In(1—e )dx
0 0

-1 n—+1,—nx 0 00 ,—nx
ED™e™ et JADIEEE
0 4=

n n

I
S—
3
Hagl
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)
(f)) - ir <411> t (i) - 451:(;:) B 2\7;5

This can also be done by recognising the inverse of the integrand is which can

1
xt+1
be done via partial fractions & Sophie Germain identity, the beta function or contour
integration.
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27
24. / e ¥ cos(nx — sinx)dx,n € Z
0

Recognise, by taking the real part of Euler’s forumula, that
Re (ei(’) = cos 6
So

2 21 . .
/ e“** cos(nx — sinx)dx = Re ec"sxe’(”xsmx)dx)
0

/O
2w .
/ emx-i—cosx—zsmxdx
0
/0

; —ix
e'xef dx)

k=0

2T .
% /O ez(nk)xdx>

| 27
Z 7 (27n5n,k)) =

. 00 e—ikx
lnxz = dx

Il
=
[¢°)
N T N N N N/
S—
¥
|
[
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dx

0 x
We will make use of the following formula for log x (a Frullani integral)

) e—t _ e—xt
logx = /0 fdt

25, / Inxsinx

/ lnxsmx :/ / Smxdtdx
0
_ / : / smx(e-f e~ ) dxdt
1 7r _ 7T
—/ n E —E—i—arctant) dt

Tt T oo_ * L 1
{ogt( e 2—1—arctant . /Ologt< 5 € +1—|—t2>dt

= / logte™!dt = rzyﬂ
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T x—1
26. —_—
6 ./0 (x+1)lnxdx

1
Let I(a) = / xildx and differentiate with respect to a.
0o (x+1)Inx

n:O
— - a+ndx
e /
- ;a+n+1

I x—1
/ X7 gy =1(1) = 1(1) — 1(0)
o (

x+1)Inx
E&da
+n+1

I
S~

n=0
= io(_l)” [In(a +n +1)];
- é(_n”ln(n +2)—(=1)"In(n+1)
— i In(2n+2) —In(2n+3) + In(2n +2) — In(2n + 1)
k=0

L 2n+3)(2n+1)

E\

= (214 2)( 2n+2)> :ln(§>

where the last line uses the Wallis Product.
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7 / sin(log x) —logxdx
log? x
Letu = —logx

®y—sinu
u2

/(u—smu) “Ute " dtdu
0

*lldu

I'sin(logx) — log x
/ : dx
0 log” x

3

t/ (u — sinu)e”(Hudydt
0

3

~~

%ﬁc\c\

1 1
(1+t)2_(1+t)2+1>dt

1 o0
= |In(14+#) +—— — -In((1+#)*+1) +arctan(1 + )
1+t 2 0
1+t 1 °°
= |In + + arctan(1 + ¢
[ \/(1+t)2+1> 1+t ( )0
In2

|
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1
28./ 1 In vVi+x+1 dx
0 V1—2x2 Vi+x—1
We start with the substitution x = cos 8
/ In V1i+x+1 —/gln V1+4cosd+1 +1 49
0 V1—x2 Vi+x—1 0 V/1+ cos6
/gln (V14 cosf +1)? 49
0 (V14 cosf—1)(v/1+cosf+1)
%

= n(\/1+C059 d9 / In cos 6dO

0
Making use of the identity 1 + cos x = cos ( > and the substitution t = 5
:4/ In 1—|— \f2cost> de + gan
0

:4Zln\f2+4/4ln<l+cost) dt+§ln2
0

V2
7T 1
Taking cos — = — and using the sum to product identities
g 4 /2 g P
- 7r1nz+4/Z In 2dt
0
+4/21n Ccos E—I-E cos E—E dt
0 2 8 2 8
2 t 0 t
:27r1n2—|—4/ In{cos|( = dt—|—4/ In{cos|( = dt
z 2 -z 2
3 t
=27ln2 + / Incos =dt
0 2
Using the fourier series expansion In cos L 2+ Z cosnx

2

3 = (=1)"
= 27rln2—|—/ —In2+ Z cos ntdt
n=0 n

1’1

; 2n—|—1 =46

This problem can be solved without knowledge of the log cosine Fourier series in the
same way as Q18.
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29. /0; In(v1—x — /x)dx

We will use the substitution x = sin?

1 n
/2 In(v1—x—/x)dx = /4 In (cos§ — sin#) x 2sin 6 cos 0d6
0

T cos2x ( —sinx—cosx)d
x

1
=—= 201 6 —sin0)]
2 [cos201n (cos sin 2 / CcOs X — sin x
1 T
=3 ! (sinx + cos x)* dx
0

—;/OZZSim2 (x+g) dx

= —% Ozl—cos (Zx— g)dx

T 1 T+2
—‘<8+4> ~ s
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dx

arctan x In(1 + x?)
30. /
x(a? +x2)

Unfortunately, we are yet to think of a solution that does not make use of complex anal-

ysis
Using the modulus argument form we have 1+ ix = /1 + x2e* ™", then we may
rewrite

5 (In(1 —ix) — In(1 4 ix))

In(1+x%) =In(1+ix)+In(1—ix)

arctanx =

Thus we get the following

/°° arctan x In(1 + x ) / (In(1 —ix) —In(1+ix)) (In (1 +ix) +In (1 — ix))
0 x(a% + x2) T4 x (a% + x2)
Where we have also used the “even”ness of the function to extend the limits of integration

. 0 2 . 0 2 .

i / In” (1 zx)dx_/ In (1+1x)dx

4\ /o x(a%+ x2) —eo X (% 4 x2)
To perform integration, we close the contour in the complex half-plane by the half-circle
of the radius R — co: for the first term - in the upper half-plane (counter-clockwise); for
the second - in the lower (clockwise). In both cases logarithms do not have branch points

in the designated closed contours. It is straightforward to show that the integrals along
the big half-circles — 0. z = 0 is a removable singular point; therefore

dx

o 2 ; 209 _ : 2 : 2
/ arctan xIn(1+ x )d — il Res In® (1 —ix) i (_1) R In“(1+ix) mln”(1+a)
0

x(a% + x?) 4= zax(az—l— x?) z:e—zix(az—i—xz) - 2a?
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